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Let R be a commutative ring with identity 1, and A a finitely generated R-algebra. It is 
shown that A is an Azumaya R-algebra if and only if every stalk of the Pierce sheaf induced by A 
is an Azumaya algebra. 
1. Introduction 
Let R be a commutative ring with identity 1. Azumaya [4] proved that an 
R-algebra A free as R-module is a central separable algebra if and only if there 
exists a set of generators {a,, . . ., a,} of A such that the matrix [(aia,)] is invertible 
in A. More characterizations of a central separable (Azumaya) algebra were given 
by Auslander and Goldman [3, Th. 2.11. Moreover, Kaplansky [9] proved that a 
primitive ring satisfying a polynomial identity with coefficients in the centroid is an 
Azumaya algebra over the center. This importalsG theorem of Kaplansky was then 
generalized by Artin [2] to an An-ring, where a ring A is called an A,-ring if (I) it 
satisfies all the identities of n by n matrices, and (2) no homomorphic image of A 
satisfies the identities of (n - 1) by (n - 1) matrices IS, Def. 3.11. Recently. a further 
generalization was given by Procesi [S]. We note that no reference is given to the 
center of the algebra A in the characterizations of Artin and Procesi. The purpose 
of the present paper is to show a characterizatior.. in terms of the Pierce sheaf of 
rings A, where A, are stalks of a sheaf induced t y a finitely generated R-algebra A 
(that is, A is finitely generated as a ring over k). Of course, the class of finitelv I 
generated R-algebras is larger than that of J-algebras finitely generated as 
R-modules. It is proved that a finitely generati:d R-algebra A is an Azumaya 
R-algebra if and only if so is A, over R, for each A,. Then several characteriza- 
tions of an Azumaya algebra over a commutative regular ring (in the sense of von 
Neumann) are derived. 
2. Basic definitions 
Throughout we assume that R is a commutative ring with identity 1. that all 
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modules are unitary left modules over a ring or an algebra and that A is an 
R -algebra. Let B(R) denote the Boolean algebra of the idempotents of R and 
Spec B(R) the Boolean space with hull-kernel topology. A system of basic open 
neighborhoods for this topology are open and closed sets U, = {x in 
Spec B( R)/(l - e) is in x} for e in B(R). It is known that Spec B(R) is a totally 
disconnected, compact and Hausdorff topological space. The ring R induces on 
SpecB(R) a sheaf of rings R, ( = R/xR ), called the Pierce sheaf such that R is 
isomorp!k with the global sections of the sheaf [ 11, Th. 4.41. We shall employ some 
results given in 173, [IO], [I I] and [13]. Also we shall use the following partition 
property of SpecB(R) very often: Let (UJ be a cover of SpecB(R). Tien there 
exists a finite cover {Q/i = 1, . . ., n} of SpecB(R) which is a refinement of {U,}, 
where e, are orthogonal idempotents in B(R) summing to 1. For an R-module M, 
denote R&&M by Mx, and for an R-algebra A, denote R,(&A by A,. 
3. a characterization of Azumaya algebras 
In this section, we shall prove the main theorem of this paper: Let R be a 
commutative ring and A a finitely generated R-algebra. Then A is an Azumaya 
R-algebra if and only if A, is Azumaya over R, for every x in SpecB( R). We begin 
with two basic facts of an Azumaya algebra. 
Lemma 3.1. An A zumaya algebra A over a commlctative ring R is finitely presented 
as an R-algebra. 
Proof. This follows easily from ,he fact that A is finitely generated and projective 
as an R-module. 
From section 3 of (21, an R -algebra A ’ is called a central extension of A if there 
is an R-algebra homomorphism f: A --+ A ‘, and R’ a subalgebra of the center of 
A ‘, (uch that A’ = f(A)R’. ‘ht:n by Corollary 3.2 of [2), we have 
Lemma 3.2. t zumaya algebras are preserved under central extensions and 
honwmorphtc images. 
Proof. In fact, one can show that A’= A &R’ as Azumaya R’-algebras. 
We recall that an R-algebra A is separable if the exact sequence of left 
A Q& A”-modules, 0 -+ J ---, A @&A “A A + 0, is split, where n is the multiplica- 
tion map, ~T(Z a, @b, ) = Ga,b,, and A” is the opposite algebra of A [3]. The 
following structure theorem of an Azumaya algebra will play an important role in 
this section. 
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Lemma 3.3. If A is an Azumaya algebra rver a commuta’ive ring R, then there 
exists a finitely generated subring R,, C R and an Azumaya RI,-algebra A,, c A such 
that A = A,,R. 
Proof. Since A is an Azumaya R-algebra, it is a finitely generated projective and 
faithful R-module. Hence there is a positive integer n such that the short exact 
sequence, F 3 A -0, is split, where F is a free R-module of rank n. Let the 
idempotent endomorphism of F be a! whose image is (isomorphic to) A. Then R,, 
can be taken large enough to contain (I) the coefficients of the matrix associated 
with cy, (2) coefficients for the multiplication map 7~ AQRAo-+ A, and (3) 
coefficients for a splitting, A + AQ&A’) of the map 7~ Let A. be the R,,-algebra 
generated by the generators of A. Then one can easily see that R,, and A,, are what 
we want. 
By the above lemma, the main theorem (in a general form) can be proved. 
Theorem 3.4. Let S be a topological space, R a sheaf of rings on S, A a sheaf of 
R-algebras, and s a point of S such that (I) A, is an Azumaya algebra over R,, and 
(2) there exists a neighborhood U of s and a finite set of sections x1, . . ., x, in A[:. such 
that throughout U, A is generated by (x1,. . ., x,) as an R-algebra (that is, for each 
neighborhood V C U, Av is generated as an R \?-algebra by {(x&). Then on U’. A is 
a sheaf of Azumaya algebras over R for some neighborhood W’ c U. In particular. 
AUP is an Azumaya algebra over Rvv. 
Proof. By hypothesis, A, is an Azumaya R,-algebra for some s in S, so there exist a 
finitely generated subring (R,),, of R, and an Azumaya subalgebra (A,),, of A, as in 
Lemma 3.3. Clearly, we may take (A,),, to contain the (x,), for i = 1,. . .* ~1. Note 
that since (R,),, is a finitely generated commutative ring, it will be finitely presented. 
hence from Lemma 3.1, we see that (A& is finitely presented as a ring. 
Let U’ be a neighborhood of s contained in I r, to which we can Lift all elements 
of a finite generating set for (R&, and of a finit? generating set for (A,),, over (R,),, 
containing (ii}, and in which the set of defining relations for these rings in terms of 
these generators continues to hold. Let A0 VIenote the subsheaf of A on U’ 
generated by these elements, a sheaf of homolnorphic images of (A,),,. It is clear 
from our construction that on I/‘, we have A = AoR, so art U’, A is a sheaf of 
central extensions of homomorphic images of (A,),,, hence a sheaf of Azumaya 
algebras over R. The proof is then complete. 
Corollary 3.5. Let R be a commutative ring, and A a finitely generated R-algebra. 
Then A is an Azumaya R-algebra if and only if A, is an Azumaya R,-algebra fr)r 
every x in SpecB(R). 
Proof. For the necessity, since each direct summand of A in (Ae$A (1 - c)) fol an 
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e in B(R) is Azumaya and since A, = Lirn (A /Ae) for all e in x, A, is Azumaya. 
Conversely, taking U = all of SpecB(R), we apply the above theorem at each 
point x of SpecB(R) to get a neighborhood U’ of x such that Avis an Azumaya 
algebra over Rr,P. Since { Ue for aff e in B(R)} is a system of basic open 
neighborhoods, U’ can be taken to be UP for some e in B(R). Let x vary over 
SpecB(R:. Then SpecB(R) is covered by such U/s. Thus we refine this cover to 
get a fiilite cover, (Ire,}, where i = 1, . . ., n for some integer n, such that ei are 
orthogonal idempotents in B(R ) summing to 1. Consequently, A z @Zy=, Aei is 
ar. Azumaya algebra over R r @Ci (Rei), where Aei = A ul,, and Rej = R u,, for 
each i. 
In particular, let A be an R-algebra finitely generated as an R-module. We have 
Corollary 3.6. Let R be a commutative ring. and A an R-algebra finitely generated 
as an R-mod&. Then A is Azzdrnaya over R if and only ifso is A, over R, for each x 
in SpecB(R). 
4. Centers of finitely generated algebras 
In Theorem 3.4, no reference is given to the center of the finitely generated 
R-algebra A. We now show that the center of A is determined by the centers of the 
stalks A,. Thus a similar characterization of an Azumaya algebra can be obtained. 
Lemma 4.1. Let R be a commu.ative ring, A a finitely generated R -algebra, and R’ 
the subalgebra of A. Then R ’ is the center of A if and only if (R’), is the center of A, 
for each x in SpecB(R). 
Proof. Assume R’ is the center of A. Clearly, (R’), Ccenter(A,). Now let 
It,, . . ., t,,,} generate the R-algel~ra A ; then for every a in A, a, in center(A,) 
implies (at, - t,a)=O at x for i = l,.,., m. Hence there is an e in B( R ) such that 
(ati - tia)e = 0 for each i. Thus (ae) is an element of center(A) lifting ax which 
is in center(A,). Therefore, (R’), = center(A,) for each x in SpecB(R). 
Conversely, since (R’), is the center of A,, for every r in R’, (rt, - t,r) = 0 at each 
point x in SpecB(R), and hence (rt, - t,r) = 0. This implies that r is in the center of 
A. Thus R’Ccenter(A). Now let a be an element of center(A); then a, is an 
element of center(A,) which is (R’), for each x in SpecB(R). Let a, = r, for some r 
in R’. There is an e in B(R) such that a(1 - e) = r(1 - e). Thus, let x vary over 
SpecB(R), there exists a covering of SpecB(R) with {We). By the partition 
property of SpecB(R), one can see that a is in R’. This completes the proof. 
Theorem 4.2. Let R be a commutative ring, and A a finitely generated R-aigebra 
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such that for each x in SpecB(Q ), A, is Arumaya over its center. Then A is 
Azumaya over its center. 
Proof. As given in Theorem 3.4, we take SpecB(R) as S, and use the sheaf of rings 
on S induced by center(A) as R. Then Theorem 3.4 can be applied because the 
above lemma assures that A, will be Azumaya over the stalks of this sheaf at each 
point. Thus A is an Azumaya algebra over its center by Corollary 3.5. 
5. Some examples 
The following cvamples are given to illustrate (1) the Azumaya algebra A of 
Theorem 3.4, and (‘I?) the subalgebras of A which are not Azumaya, but with 
different centers. 
Let S = {I, l/2,. . ., O), and let R be the ring of all locally constant functions from 
S into a field K. 
Let A1 denote the 2 by 2 matrix ring over R, M,(R); equivalently, the algebra of 
locally constant functions from S into M?(K). This is, of course, Azumaya; for each 
x in S, (A,)x = M*(K). 
Now define A2 C A3 C A1 to be the subalgebras consisting of all elements Q such 
that at, is scalar of the form in the case of A?, and diagonal of the form 
in the case of A+ Neither of these are finitely generated, because for any 
finitely generated subalgebra A, there will exis: a neighborhood of the origin in 
which all elements have scalar or diagonal stalks. The stalks of A2 and A3 are still 
Mz(K) at all points except 0. 
Clearly, A2 has the property that all stalks a.7*e Azumaya over R,, yet it is not 
Azumaya over R, since it is not finitely generate 1. A3 has the property that its stalk 
at the point 0 has center larger than R,, though R = center(Aj). 
6. The Azumaya algebra and the biregular ring 
-, In this section, by using Theorem 3.4, several characterizations of an Azumaya 
algebra over a von Neumann regular ring are given (for more about such an 
Azumaya algebra see [lo]). Arens and Kaplansky [l] call a ring K with identity 
biregular if any two sided principal ideal of K is generated by a central idempotent. 
More properties have been found in [l], [7] and [ll]. From Section 2 of [ 11. the 
concepts of a biregular ring and a regular ring are independent of each other. Here 
we shall show a relation between them and Azumaya algebras. 
Theorem 6.1. The following statements are equivalent: 
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(I) A is a biregular ring finitely generated over its center R as a module. 
(2) A is an Arumaya algebra over a regular ring R. 
(3) A is an Azumaya algebra over its center R and a regular ring. 
(4) A is a finitely generated R-algebra such that the stalk A, is a central simple 
R, -algebra for each x in Spec B(R ), where a central simple algebra is assumed 
finitely generated over its center as a module. 
Proof. (l)-+ (2). If A is a biregufar ring then A, is a simple Rx-algebra for each x 
in Sped?(R) [7, Prop. 2.131. By hypothesis, A is a biregufar ring finitely generated 
over its center R, A, is a central simple R, -algebra for each x (Lemma 4.1). Hence 
A, is an Azumaya Rx-algebra for each x. Thus A is an Azumaya R-algebra by 
Corollary 3.6. Moreover, noting that R, is a field for each x, we conclude that R is a 
commutative regular ring [ 11, Def. 10.21. 
(2)-+ (1). If A is an Azumaya R-algebra then so is A, over R, for each x by 
Corollary 3.6. Since R is regular, R, is a field for each x. But then A, is a central 
simple R, -algebra for each x [8, Prop. 1.2, Chapter V]. This implies that A is 
biregular [ll, Th. 11.11. 
(2)+ (3). If A is an Azumaya R-algebra over a regufar ring R, then A, is a 
central simple Rx-algebra for each x. This implies that A, is a regular ring for each 
x from the structure theorem of Wedderburn. Thus, by the usual sheaf technique, 
one can easily show that A is also regular. 
(3)-, (2). Assume (3). It suffices to show that the center R is also regular. In fact, 
since A is regular, it is a right P.P. ring (that is, any right principal ideal of A is 
projective as a right A -module); and so the center R of A is also a P.P. ring [6, 
Cor. 8.21. Next, let an element a be a non-zero-divisor in R. Then there is an 
element b in 14 such that ab = e is an idempotent in R with the same annihilator as 
that of a [6, Lem. 8.11. One can easily show that e = 1 and that b is also in R. Thus 
a is a unit in 1R. Therefore R, is a field [6, Cor. 3.21. This proves that R is a regular 
ring. 
(2)-+ (4). Since A is Azumaya over a regular ring R, A, is Azumaya over a field 
R, for each :Y. Mence A, is a central simple Rx-algebra. 
(4)-+ (2). This is a consequence of Corollary 3.5 and the definition 10.2 of [ 111. 
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